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Feynman's \no-no de" theorem states that the conventional many-b ody ground state
wavefunctions of bosons in the coordinate representation are positiv e de�nite. This im-
plies that time-rev ersal symmetry cannot be spontaneously broken. In this article, we
review our progress in studying a class of new states of unconventional Bose{Einstein
condensations beyond this paradigm. These states can either be the long-liv ed metastable
states of ultracold bosons in high orbital bands in optical lattices as a result of the \or-
bital Hund's rule" interaction, or the ground states of spinful bosons with spin-orbit
coupling linearly dependent on momentum. In both cases, Feynman's argument does
not apply. The resultan t many-b ody wavefunctions are complex-valued and thus break
time-rev ersal symmetry spontaneously. Exotic phenomena in these states include the
Bose-Einstein condensation at nonzero momentum, the ordering of orbital angular mo-
mentum moments, the half-quan tum vortex, and the spin texture of skyrmions.

Keywor ds: Bose{Einstein condensation; optical lattices; exciton; time-rev ersal symme-
try; spontaneous symmetry breaking.

1. In tro duction

In Feynman's statistical mechanics textb ook, it is stated that the many-body
ground state wavefunctions of bosonsare positive de�nite in the coordinate rep-
resentation provided no external rotation is applied and interactions are short-
ranged.1 The proof is very intuitiv e: due to the time-reversal (TR) symmetry, the
ground state wavefunction 	( r 1; : : : ; r n ) can be chosenas real. If it is not positive
de�nite, i.e. it has nodes, the following method can be used to lower its energy.
We �rst take its absolute value of j	( r 1; : : : : ; r n )j, whoseenergyexpectation value
is exactly the same as that of 	( r 1; : : : ; r n ). However, such a wavefunction has
kinks at node points. Further smoothing of the kinks results in a positive de�nite
wavefunction, and the kinetic energy is lowered by softening the gradients of the
wavefunction. Although the singlebody potential energyand the two-body interac-
tion energyincrease,they are small costsof a high order comparedto the gain of the
kinetic energy. We can further concludethat the ground state is non-degeneratebe-
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causetwo degeneratepositive-de�nite wavefunctions cannot be orthogonal to each
other.

This \no-no de" theory is a very generalstatement, which applies to almost all
the well-known ground states of bosons,including the super
uid, Mott-insulating,
density-wave, and even super-solid ground states. It is alsoa very strong statement,
which reducesthe (generally speaking) complex-valued many-body wavefunctions
to becomepositive-de�nite distributions. This is why the ground state properties of
bosonicsystems,such as 4He, can in principle be exactly simulated by the quantum
Monte-Carlo method free of the sign problem. Furthermore, this statement implies
that the ordinary ground states of bosons,including Bose{Einstein condensations
(BEC) and Mott-insulating states, cannot spontaneously break time-reversal (TR)
symmetry, sinceTR transformation for the single component bosonsis simply the
operation of the complex conjugation.

It would be exciting to search for exotic emergent states of bosonsbeyond this
\no-no de" paradigm, whosemany-body wavefunctionscan be complex-valued with
spontaneousTR symmetry breaking. Sinceproperties of complex-valued functions
are much richer than those of real-valued ones, we expect that such states can
exhibit more intriguing properties than the ordinary ground states of bosons.For
this purpose,wehaverecently mademuch progresswith two di�eren t ways to bypass
Feynman's argument, including the metastable states of bosonsin the high orbital
bands of optical lattices2{4 and multi-component bosonswith spin-orbit coupling
linearly dependent on momentum.5

Clearly, the \no-no de" theorem is a ground state property which doesnot apply
to the excited statesof bosons.The recent rapid development of optical lattices with
ultracold bosonsprovides a wonderful opportunit y to investigate the metastable
states of bosonspumped into high orbital bands. Due to the lack of dissipation
channels, the lifetime can be long enough to develop inter-site coherence.6,7 We
have shown that the interaction among orbital bosons are characterized by the
orbital Hund's rule,2,3 which gives rise to a classof complex super
uid states by
developing the onsite orbital angular momentum (OAM) moments. In the lattice
systems,the inter-site hoppings of bosonslock the OAM polarization into regular
patterns depending the concretelattice structures.

Furthermore, the \no-no de" theorem doesnot even apply to the ground states
of bosons if their Hamiltonians linearly depend on momentum, i.e. the gradient
operator. A trivial exampleis the formation of vortices in Bosecondensateswith the
external rotation in which the Coriolis force is represented as the vector potential
linearly coupled to momentum. However, in this caseTR symmetry is explicitly
broken. A non-trivial example is that of bosons with spin-orbit (SO) coupling,
whoseHamiltonians also linearly depend on momentum and are TR invariant. The
invalidit y of the \no-no de" theorem can also give rise to complex-valued ground
state wavefunctions.

Although 4He is spinlessand most bosonicalkali atoms are too heavy to exhibit
the relativistic SO coupling in their center-of-mass motion, SO coupling can be
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important in exciton systemsin two-dimensional quantum wells. We have shown
that the Rashba SO coupling in the conduction electron bands induces the same
type of SO coupling in the center-of-massmotion of excitons. In a harmonic trap,
the ground state condensatewavefunction can spontaneouslydevelop half-quantum
vortex structure and the skyrmion type of the spin texture con�guration. 5 On the
other hand, e�ectiv e SO coupling in bosonsystemscan be induced by laser beams,
which has beeninvestigated in several publications by other groups in Refs. 8{11.

In the following, we will review our work in both directions outlined above
including many new results never before published. In Sec.2, we explain the char-
acteristic feature of interacting bosonsin high orbital bands, the \orbital Hund's
rule," and the consequential complex-super
uid states with the ordering of onsite
OAM moments. The ordering of OAM moments in the Mott-insulating states is
also investigated. In Sec.3, we review the TR symmetry breaking states of spin-
ful bosonswith spin-orbit coupling. Interesting properties including half-quantum
vortex and the skyrmion-like spin-textures are studied. Conclusions are made in
Sec.4.

Due to spaceconstraints, we will not cover interesting related topics of orbital
bosons,such as the nematic super
uid state6 and the algebraic super
uid state,12

and the orbital physicswith cold fermions,13{ 20 which hasalsocaught the attention
of the research communit y recently .

2. \Complex Condensation" of Bosons in High Orbital Bands in
Optical Lattices

In this section, we will review the \complex condensation" with TR symmetry
breaking, which is a new state of the p-orbital bosons.This is an exampleof novel
orbital physics in optical lattice with cold bosons.Below let us give a brief general
intro duction to orbital physics for the generalaudience.

An orbital is a degree of freedom independent of charge and spin. It plays
important roles in magnetism,superconductivity, and transport in transition metal
oxides.21{ 23 The key features of orbital physics are orbital degeneracyand spatial
anisotropy. Optical lattices bring newfeaturesto orbital physicswhich arenot easily
accessiblein solid state orbital systems.First, optical lattices are rigid lattices and
free from the Jahn{T eller distortion, thus orbital degeneracyis robust. Second,
the metastable bosonspumped into high orbital bands exhibit novel super
uidit y
beyond Feynman's \no-no de" theory.2{4,6,12,24,25 Third, p-orbitals have stronger
spatial anisotropy than that of d- and f -orbitals, while correlation e�ects in p-orbital
solid state systems(e.g.semiconductors)arenot that strong. In contrast, interaction
strength in optical lattices is tunable. We can integrate strong correlation with
spatial anisotropy more closely than ever in p-orbital optical lattice systems.13{17

Recently , orbital physics with cold atoms has been attracting a great deal of
attention.2,3,6,7,12,13,24{ 31 For orbital bosons, a series of theoretical works have
been done,2{4,6,12,24{27 including the illustration of the ferro-orbital nature of
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interactions,2 orbital super
uidit y with spontaneoustime-reversalsymmetry break-
ing,2{4,24 and the nematic super
uidit y.6,12 The theoretical work on the p-orbital
fermions is also exciting, including the 
at band and associated strong correlation
physics in the honeycomb lattice, 13,15,17 orbital exchangeand frustration, 16,20 and
topological insulators.14,18

The experimental progress has been truly stimulating. 7,29{31 Mueller et al.7

have realized the metastable p-orbital boson systemsby using the stimulated Ra-
man transition. The spatially anisotropic phase coherencepattern has been ob-
served in the time-of-
igh t experiments. Sebby-Strabley et al.31 have successfully
pumped bosonsinto excited bands in the double-well lattice. In addition, p-orbital
Bose{Einstein condensation(BEC) hasalsobeenobservedin quasi-one-dimensional
exciton-polariton lattice systems.32

Below we illustrate the important feature of interactions betweenorbital bosons,
the \orbital Hund's rule," which results in TR symmetry breaking.

2.1. Orbital Hund's rule of inter acting orbital bosons

The most remarkable feature of interacting bosonsin high orbital bands is that
they favor maximizing their onsite orbital angular momentum (OAM) asexplained
below.2,3

Let us illustrate this Hund's rule type physics through the simplest example: a
singlesite problem with two degeneratepx;y -orbitals �lled with two spinlessbosons.
Becausebosonsare indistinguishable, the Hilb ert spacefor the two-body statesonly
contains three states, which can be classi�ed according to their OAM: an OAM
singlet as 1

2 (py
x py

x + py
y py

y )j0i depicted in Fig. 1(A), and a pair of OAM doublets
1

2
p

2
(py

x � ipy
y )2j0i with L z = � 2 as depicted in Fig. 1(B). Assuming a contact

interaction V = g� (r 1 � r2), the interaction energy of the former is calculated as

Fig. 1. A single site problem with two spinless bosons occupying px;y -orbitals: (A) the OAM
singlet and (B) one of the OAM doublets. The latter is energetically more favorable than the
former as a result of the \orbital Hund's rule." The bonding pattern of p-orbitals: (C) the
� -bonding and (D) the � -bonding.
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4
3 U while that of the latter is 2

3 U with the de�nition of

U = g
Z

dr2 j px (r )j4 = g
Z

dr2 j py (r )j4 : (1)

In the OAM singlet state, bosonsoccupy polar (real) orbitals (e.g. px ; py ), whose
angular distribution in real space is narrower than that of the axial (complex)
orbitals (e.g. px � ipy ) for the OAM doublets. By occupying the sameaxial orbital
and therefore maximizing OAM, two bosonsenjoy more room to avoid each other.

This \ferro-orbital" interaction is captured by the following multi-band Hubbard
Hamiltonian for the p-orbital bosonsas

H in t =
U
2

X

r

�
n2

r �
1
3

L 2
z

�
; (2)

where n = py
x px + py

y py and L z = � i (py
x py � py

y px ). The �rst term is the ordi-
nary Hubbard interaction and the secondterm arisesbecauseof the orbital degree
of freedom. In three-dimensional systems in which all of the three p-orbitals are
present, we only need to replace L z with L 2 = L 2

x + L 2
y + L 2

z and L x;y de�ned as
L x = � i (py

y pz � py
zpy ), L y = � i (py

zpx � py
x pz ).

When more than two bosonsoccupy a single site, bosonsprefer to go to the
samesingle particle state due to their statistical properties. Again, going into the
sameaxial state and thus maximizing OAM can reducetheir repulsive interaction
energy. This is an analogy to the Hund's rule of electron �lling in atomic shells.
The �rst Hund's rule of electronsmaximizes electron total spin to antisymmetrize
their wavefunction, and the secondHund's rule further maximizes their OAM to
extend the spatial volume of wavefunction. The key feature is that electronswant
to avoid each other as far as they possibly can. For the orbital physics of spinless
bosons,the samespirit applies with the maximizing of OAM.

Wehavenow understood the singlesite physicsin which bosonsdeveloprotation.
From the symmetry point of view, it is similar to the px + ipy superconductors.

2.2. Band structur es of the p-orbital systems

The p-orbital Hamiltonian within the tight-binding approximation can be written
as

H0 = tk

X

hij i

[py
i; êij

pj; êij + h:c:] � t?

X

hij i

[py
i; ^f ij

pj; f̂ ij
+ h:c:]; (3)

wherethe unit vector êij is alongthe bond orientation betweentwo neighboring sites
i and j and f̂ ij = ẑ � êij is perpendicular to êij . pêij and p ^f ij

are the projections of
p-orbitals along (perpendicular to) the bond direction respectively asde�ned below

pêij = (px êx + py êy ) � êij ; p ^f ij
= (px êx + py êy ) � f̂ ij : (4)
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Fig. 2. The p-orbital band structure in the two dimensions: (A) square and (B) triangular lattices.
In the square lattice, the band minima are located at K x = (� =a0 ; 0) for the px -orbital band, and
K y = (0; � =a0 ) for the py -orbital band, respectively. In the triangular lattice, the band minima
are at three middle points of Brillouin zone edgesas K 1 = (0; 2�p

3a
) and K 2;3 = ( �

a ; � �p
3a

). The
corresponding orbital con�gurations at these three band minimal are polar-lik e and parallel to the
momentum directions of K 1;2;3 respectively as depicted.

The � -bonding tk and the � -bonding t? describe the hoppings along and perpen-
dicular to the bond direction as depicted in Fig. 1(C) and 1(D), respectively. The
opposite signs of the � and � -bondings are due to the odd parit y of p-orbitals. t?

is usually much smaller than tk in strong periodical potentials.
Equation (3) exhibits degenerateband minima in both the squareand triangular

lattice.2,3,13 In the squarelattice, the Brillouin zone(BZ) is a squarewith the edge
length of �

a0
wherea0 is the length betweenthe nearestneighbors.The spectra reads

� px = tk coskx � t? cosky and � py = � t? coskx + tk cosky . As depicted in Fig. 2(A),
the band minima are located at K px = ( �

a0
; 0) for the px band and K py = (0; �

a0
)

for the py band, respectively.
In the triangular lattice, we set the � -bonding to zerowhich doesnot changethe

qualitativ e band structures. We take unit vectors from one site to its six neighbors
as � ê1;2;3 with ê1 = êx , ê2;3 = � 1

2 êx �
p

3
2 êy . The Brillouin zonetakesthe shape of

a regular hexagonwith the edgelength 4� =(3a). The energy spectrum of H 0 is

E (k) = tk
�

f k �
q

f 2
k � 3gk

	
; (5)

with

f k =
3X

i =1

cos(k � êi ); gk =
X

3� i>j � 1

cos(k � êi ) cos(k � êj ) : (6)

The spectrum contains three degenerateminima located at the three non-equivalent
middle points of the edgesas K 1 = (0; 2�p

3a
); K 2;3 = (� �

a ; �p
3a

). The factor ei K 1 � r

takesthe value of � 1 uniformly in each horizontal row but alternating in adjacent
rows. If the abovepattern is rotated at anglesof � 2�

3 , then we arriveat the patterns
of ei K 2; 3 � r . Each eigenvector is a two-component superposition vector of px and py
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orbitals. The eigenvectors at energy minima are  K 1 = ei K 1 � r jpy i .  K 2; 3 can be
obtained by rotating  1 at anglesof � 2�

3 respectively as depicted in Fig. 2(B).

2.3. Weak coupling analysis BEC at nonzer o momenta

If there were no interactions, any linear superposition of the above band minima
would be a valid condensatewavefunction. However, interactions will selecta par-
ticular type combination which exhibits TR symmetry breaking and agreeswith
the above picture of \orbital Hund's rule."

2.3.1. The square lattice | the staggered ordering of OAM moments

In the square lattice, we take the condensate wavefunction as 	 sq(r ) =
c1 px (K px ) + c2 py (K py ) under the constraint of jc1 j2 + jc2j2 = 1. Any choice
of c1;2 minimizes the kinetic energy. However, the interaction U terms break the
degeneracy. The degenerateperturbation theory shows that the ground state values
of c1;2 take c1 = 1; c2 = i or its equivalent TR partner of c1 = 1; c2 = � i . The mean
�eld condensatecan be described as

1
p

N0!

�
1

p
2

( y
K p x

+ i y
K p y

)
� N 0

j0i ; (7)

where N0 is the particle number in the condensate.
For better insight, we transform the above momentum spacecondensateto the

real space.The orbital con�guration on each site reads

ei� r (jpx i + i� r jpy i ); (8)

where the U(1) phaseei� r is speci�ed at the right lobe of the p-orbital. The Ising
variable � r = � 1 denotesthe direction of the OAM, and is represented by the anti-
clockwise (clockwise) arrow on each site in Fig. 3(B). Each site exhibits a nonzero
OAM moment and breaks TR symmetry. The condensatewavefunction of Eq. (7)
describes the staggeredordering of � r . We check that the phasedi�erence is zero
along each bond, and thus no inter-site bond current exists.

The condensatedescribed in Eq. (7) breaks both TR reversal and translational
symmetries, and thus corresponds to a BEC at nonzero momenta. This feature
shouldexhibit itself in the time-of-
igh t experiments which havebeenwidely usedto
probe the momentum distribution of cold atoms. The coherencepeaksof Eq. (7) are
not locatedat integervaluesof the reciprocal lattice vectorsbut at (m �

a0
; (n+ 1

2 ) �
a0

),
and ((m + 1

2 ) �
a0

; n �
a0

) as depicted in Fig. 3(A). Furthermore, unlike the s-orbital
condensate,the p-wave Wannier function superposesa non-trivial pro�le on the
height of density peaks.As a result, the highest peaksare shifted from the origin |
a standard for the s-wavepeak | to the reciprocal lattice vectorswhosemagnitude
is around 1=l where l is the characteristic length scaleof the harmonic potential of
each optical site. A detailed calculation of form factors is given in Ref. 2.
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Fig. 3. (Color online) (A) The time-of-
igh t spectra of the p-orbital Bose condensation in the
square lattice. The coherence peaks occurs at (m �

a0
; (n + 1

2 ) �
a0

), and (( m + 1
2 ) �

a0
; n �

a0
). (B) The

staggered ordering of OAM moments in the square lattice with the phase pattern on each site.
Each of the � and � -bonds achieves phase coherence. From Liu and Wu, seeRef. 2.

2.3.2. Excitations | gaplessphononsand gapped orbital modes

The elementary excitations in p-orbital BECs consist of both the gaplessphonon
mode and the gapped orbital mode. The former correspondsto the Goldstonemode
related to the U(1) symmetry breaking, and the latter corresponds to the 
ipping
of the direction of OAM moments. In the following, we will take the 2D square
lattice as an example.

We assumethe condensateas 1p
2
[py

x (Qx ) + ipy
y (Qy )] with Qx = (� ; 0) and Qy =

(0; � ). The bosonoperators take the expectation values

hjpx (r )ji = (� 1)r x �; hjpy (r )ji = i (� 1)r y � : (9)

From minimizing the onsite part of the free energy with respect to the condensate
order parameter �

F = � �n +
U
2

�
n2 �

1
3

L 2
z

�
; (10)

we have � = 4U
3 j� j2 respect to the band minima. The 
uctuation around the ex-

pectation value is de�ned as

px (r ) = hjpx (r )i + � px ; py (r ) = hjpy (r )i + � py : (11)

Then the interaction terms in Eq. (2) are expandedas

H in t =
4
3

j� j4 + [� py
x � px + � py

y � py ]
8
3

j� j2 +
1
3

� � ;2[� px � px � � py � py ]

+
1
3

� 2[� py
x � py

x � � py
y � py

y ] +
2i
3

(� )r x + r y [� 2� py
x � py

y � � � ;2� px � py ] : (12)
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Combined with the free part, we arrive at the mean �eld Hamiltonian as

HMF =
0X

k ;a;b

	 y(k)aM ab(k)	 b(k) (13)

where 	 y(k) = [py
x (k); py

y (k + Q); px (� k); py (� k � Q)], Q = (� ; � ) = Qx � Qy , and
the summation is only over half of the Brillouin zone.The matrix kernel reads

M (k) =

0

B
B
B
B
B
B
B
B
B
B
B
@

� x (k ) +
4U
3

j� j2 0
2U
3

� 2 i
2U
3

� 2

0 � y (k + Q) +
4U
3

j� j2 i
2U
3

� 2 2U
3

� 2

2
3

U� � ;2 �
2i
3

U� � ;2 � x (k ) +
4U
3

j� j2 0

�
2i
3

U� � ;2 2
3

U� � ;2 0 � y (k + Q) +
4U
3

j� j2

1

C
C
C
C
C
C
C
C
C
C
C
A

:

The spectra are reducedto generalizedeigenvalue problem of

X � 1�
diag(1; 1; � 1; � 1)M (k)

	
X = diag(E1; E2; � E3; � E4); (14)

where E1;2;3;4(k) are excitation eigenvalues,and X contains the eigenvectors.
Let us considerthe excitation closeto the condensationwavevector k = Q x + q,

and then k + Q = Qy + q. At small value of q, we obtain the excitation spectra as

E1;3(k) =

s

�� (q)
�

�� (q) +
8
3

Uj� j2
�

; E2;4(k) = �� (q) +
4
3

Uj� j2 ; (15)

where�� (q) = 1
2 [� x (Qx + q)+ � y (Qy + q)� � x (Qx ) � � y (Qy )] �

t k + t ?

2 (q2
x + q2

y ). Clearly,
the gaplessmode with the linear dispersion relation describesthe super
uid phase

uctuations; the gapped mode describes the orbital excitations corresponding to
the 
ipping of orbital angular momenta.

2.3.3. The triangular lattice | the stripe ordering of OAM moments

In the triangular lattice, the OAM moments form instead a strip e ordering, i.e.
the OAM moments along one row polarizes along the z-axis and those along the
neighboring rows polarizeswith the opposite direction. This can be intuitiv ely un-
derstood as follows. In the super
uid state, the OAM moments behave like vortices
whoseinteractions are long range. The above strip e con�guration of positive and
negative vortices is the optimal con�guration to minimize the globe vorticit y.

Let us �rst examinethe weak coupling limit. Again we write a generalform for
condensationwavefunction as a linear superposition of the three band minima

	 c(r ) =
1

p
N

(c1 K 1 + c2 K 2 + c3 K 3 ); (16)
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Fig. 4. (Color online) (A) The time-of-
igh t spectra of the p-orbital boson condensation in the
triangular lattice. The coherence peaks occurs at (B). The strip e ordering of OAM moments in
the triangular lattice. From Wu et al., seeRef. 3.

where K 1;2;3 are the locations of band minima de�ned in Sec.2.2. Without lossof
generality, we set c1 = 1 and de�ne x = (c2 + c3)=2, y = (c2 � c3)=2, x = x1 + ix 2

and y = y1 + iy 2, then the normalization factor is N =
p

1 + 2(x2
1 + y2

1 + x2
2 + y2

2).
The interaction energyper site is calculated as

E in t =
1

N 2

�
(x2

1 + x2
2 � y2

1 � y2
2)2 + 8x2

1 + 8y2
1

	
+ 1

�
1

N 2

�
4(x1y2 � x2y1)2 + 2x2

2 + 2y2
2

	
: (17)

The terms in the �rst line are from the density{density interaction which can be
minimized by setting x1 = y1 = 0 and x2 = � y2. This means only one of c2;3

is nonzero and purely imaginary. In this case,the particle number on each site is
uniform. The terms in the secondline can also be minimized at this condition with
a further requirement of x2 = � y2 = � 1

2 . If we take c2 nonzero,then c2 = � i . Thus

the mean�eld condensatecanbeexpressedas 1p
N 0 !

n
1p
2
( y

K 2
+ i y

K 3
)
oN 0

j0i with j0i

being the vacuum state and N0 the particle number in the condensate.This state
breaks the U(1) gaugesymmetry, as well as TR and lattice rotation symmetries,
thus the ground state manifold is U(1) 
 Z2 
 Z3. This state also breaks lattice
translation symmetry, which is, however, equivalent to suitable combinations of
U(1) and lattice rotation operations.

Again we transform the above momentum spacecondensateto the real space,
whoseorbital con�guration takes

ei� r (cos� jpx i + i� r sin � jpy i ) (18)

with � = �
6 as U=t ! 0. The general con�guration of � is depicted in Fig. 4(B)

for conveniencelater. At U=t ! 0, px;y are not equally populated, and the moment
per particle is

p
3

2 ~. This does not fully optimize H in t which requires L z;r = � ~.
However, it fully optimizes H 0 which dominates over H in t in the weak coupling
limit. We check that the phase di�erence is zero along each bond, and thus no
inter-site bond current exists.
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Fig. 5. (A) Strong coupling analysis for the inter-site coupling between OAM moments on neigh-
boring sites. The OAM moments are described by Ising variables � ij . � i and � j are the azimuthal
angles of the bonds relativ e the x-axis. (B) The strip e ordering of OAM moments in the triangular
lattice. The smallest unit is rhombic with the total vorticit y of 1=3.

Interestingly, asdepicted in Fig. 4(B), OAM moments form a strip e order along
each horizontal row. This strip e ordering in the weak coupling limit is robust at
small values of the � -bonding t? becauseit does not change the location of the
band minima and the corresponding eigenfunctionsof 	 K 1; 2 ; 3 at all.

The driving force for this strip e formation in the SF regimeis the kinetic energy,
i.e. the phasecoherencebetweenbosonsin each site. By contrast, the strip e forma-
tion in high Tc cuprates is driven by the competition betweenlong range repulsion
and the short range attraction in the interaction terms.33

This strip e phaseshould manifest itself in the time of 
igh t (TOF) signal asde-
picted in Fig. 4(A). In the super
uid state, weassumethe strip eordering wavevector
K 1, and the corresponding condensationwavevectorsat K 2;3. As a result, the TOF
density peak position after a �gh t time of t is shifted from the reciprocal lattice
vectors G as follows

hn(r )i t /
X

G

�
j� 2(�; k)j2 � 2(k � K 2 � G) + j� 3(�; k)j2� 2(k � K 3 � G)

	
; (19)

where k = mr=(~t); � 2;3(�; k) is the Fourier transform of the Wannier p-orbital
wavefunction j� 2;3(� )i , and G = 2�

a [m; (� m + 2n)=
p

3] with m; n integers. Thus
Bragg peaksshould occur at 2�

a [m � 1
2 ; 1p

3
(� m + 2n + 1

2 )]. Due to the form factors

of the p-wave Wannier orbit wavefunction j� 2;3(�; k)j2, the locations of the highest
peaks is not located at the origin but around jkj � 1=lx;y . Due to the breaking of
lattice rotation symmetry, the pattern of Bragg peakscan be rotated at anglesof
� 2�

3 .

2.4. Str ong coupling analysis the lattic e gauge theory formalism

In this subsection, the ordering of the OAM moments in the strong coupling su-
per
uid regime is examined. We will employ the lattice gauge theory formalism
developed by Moore and Lee in Ref. 34 in the context of the p + ip Josephson
junction array systems.
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In the super
uid regime, each site i is denoted by a U(1) variable � i which
denotesthe super
uid phasealong the x-direction, and by an Ising variable � z;i =
� 1 for the direction of the OAM moment as depicted in Fig. 5. Along a general
direction of the azimuthal angle � , the super
uid phaseis � i + � z;i � . The inter-site
� and � -bonding becomethe inter-site Josephsoncoupling as

H ij = � nt k cos(� i � � j � Ak (i; j )) � nt ? cos(� i � � j � A? (i; j )) ; (20)

where n is the averageparticle number per site. The phasedi�erences in Eq. (20)
takes into account the geometric orientation of the bond hij i as captured by the
gauge�elds Ak and A? with the de�nition that Ak = � z;i � i � � z;j � j , A? = � z;i (� i +
�
2 ) � � z;j (� j � �

2 ) = Ak + �
2 (� z;i + � z;j ), and � j = � i + � are the azimuth angles

relative to the x-axis de�ned in Fig. 5.
Let us �rst considerthe caseof t? 6= 0 and write down an e�ectiv e Hamiltonian

for the Ising variables � z . In order to minimize both the Josephsoncouplingsof the
� and � -bonds, we need � i = � � j and thus Ak;ij = A? ;ij . Otherwise, if � i = � j ,
then Ak;ij = A? ;ij + � . This costs an energy of 2t? , and leads to an e�ectiv e
antiferro-orbital interaction betweenthe Ising variables as

He� = nt ?

X

ij

� z;i � z;j : (21)

Thus the antiferro-orbital ordering of OAM moments in the squarelattice remains
valid in the strong coupling limit at non-vanishing t? , which enforcesthe fact that
both the � and � -bonds achieve phasecoherenceas depicted in Fig. 3(B).

On the other hand, in the limit of a vanishing t? , the leadingorder e�ect involves
multiple site interaction around a plaquette. We follow the method described in
Ref. 34, and perform the dualit y transformation for the U(1) phasevariables� under
the background of the geometricgaugepotential Ak . We separatethe contributions
from the phonon part and the vortex part as

Z = Zph

0X

m

exp
�

�
� 2nt k

2

X

x

(m(x) � � x )2

+ � nt k

X

x 6= x 0

(m(x) � � x ) log
jx � x0j

a
(m(x0) � � 0

x )
�

; (22)

where Zph is the phonon contribution in the vortex-free con�guration; x marks the
dual lattice site (or the plaquette index in the original lattice); m is the vortex
charge; � x is the external 
ux through the plaquette de�ned as

� x =
1

2�

X

ij

Ak;ij : (23)
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In the square lattice, the geometric gauge
ux around each plaquette x is cal-
culated as

� x = �
1
4

(� i + � i + ex + � i + ex + ey + � i + ey ) : (24)

If � x is integer-valued, it can be absorbed by shifting the zero of the vortex charge
asm0(x) = m(x) � � x which remainsinteger-valued, thus there is no cost for energy.
The feature can be captured by the e�ectiv e Hamiltonian in Ref. 34 as

He� = � K
X

ij k l

� i � i � k � l ; (25)

wherei; j; k; l are four sitesaround a plaquette centered at x; K � nt k is the energy
scaleof the � -bonding. This model has a sub-extensive Z2 symmetry investigated
in Ref. 34, i.e. 
ipping the sign of � z along each row or column leaves Eq. (25)
invariant. Thus it cannot develop the ordering of OAM at any �nite temperature.
Let us comeback to the super
uid sector � , wherein its most relevant topological
defect is the half-quantum vortices because� x can take the values of � 1

2 . The
Kosterlitz{Thouless transition is associated with the unbinding of half-quantum
vortices. As a result, the low temperature phaseis the quasi-longrange ordering of
pairing of bosons.34

Next we move to the strong coupling theory in the triangular lattice. We start
from the limit of t? = 0. The geometrical gauge
ux becomes

� x = �
1
6

(� 1 + � 2 + � 3) ; (26)

where 1; 2; 3 are three sites around a triangular plaquette. There is no way to form
an integer 
ux. The smallest vorticit y per plaquette is � 1

6 which corresponds to
either two +1's and one � 1, or two � 1's and one +1 to minimize the vortex core
energy. In such a densevortex con�guration, Eq. (22) rigorously speaking doesnot
apply becauseits validit y relieson the assumptionof small vortex fugacity. However,
the structure of interactions amongvorticesstill implies that vortices form a regular
lattice with alternating positive and negative vorticit y. The dual lattice (the center
of the triangular plaquette) is the bipartite honeycomb lattice. It is tempting to
assign � 1

6 alternativ ely to each plaquette, but actually it is not possible due to
the following reason.Considera plaquette with vorticit y + 1

6 , thus its three vertices
are with two +1's and one � 1. The neighboring plaquette sharing the edgewith
two +1's must have the samevorticit y, and mergeswith the former one to form a
rhombic plaquette with vorticit y 1

3 as depicted in Fig. 5(B). Thus the ground state
should exhibit a staggeredpattern of a rhombic plaquette with vorticit y of � 1

3 .
This arrangement precisely corresponds to the strip e order of the Ising variables.
This con�guration breaksboth the lattice rotational and translational symmetries,
which is six-fold degenerate. If we turn on the small t? term, it results in an
antiferromagnetic Ising coupling with nearest bonds, and the strip e con�guration
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Fig. 6. (A) Phase diagram based on the GMF theory in the 2 � 2 unit cell (see Fig. 4(B)).
Large scale Gutzwiller mean �eld calculations in a 30 � 30 lattice are performed to con�rm the
strip e ordered super
uid (SF) phaseat points 1, 2 and 3 with (t=U; �=U ) = (0:02; 2); (0:03; 1:5) and
(0:038; 2:2), respectively. (B) The 
ux � around a rhombic plaquette versus t=(nU ). It decays from
1
3 in the strong coupling limit to 0 in the non-in teraction limit. The solid line is the Gutzwiller
result at n = 3, while the dashed line is based on the energy function Eq. (30) of the trial
condensate. From Wu et al., seeRef. 3.

also satis�es its ground state requirement. Thus we believe that the t? term does
not changethe strip e con�guration in the strong coupling limit either.

Having establishedthe strip e order for the OAM moments, it is straightforward
to further optimize the U(1) phasevariable � . The result is depicted in Fig. 4(B)
with � marked on the right lobe of the px � ipy orbit. Each horizontal bond has
perfect phase match, while each tilted bond has a phase di�erence of �

12 . Thus
around each rhombic plaquette, the phasewinding is �

12 � 4 = �
3 and this givesrise

to the Josephsonsupercurrent along the bonds as

j =
tkn
2

sin � � ; (27)

with � � = �
6 and the directions speci�ed by arrows in Fig. 4(B). In other words, in

addition to the strip e order of the Ising variables which corresponds to the onsite
OAM moments, there exists a staggeredplaquette bond current order. This feature
doesnot appear in the squarelattice. 2 The orbital plaquette current ordering has
been studied in the strongly correlated electron systems, such as the circulating
orbital current phase35 and the d-density wave states in the high Tc compounds.36

It is amazing that in spite of very di�eren t microscopic mechanism and energy
scales,the two completely di�eren t systemsexhibit a similar phenomenology.

2.5. Interme diate coupling regime in the triangular
lattic e self-c onsistent mean �eld analysis

We have shown that in the triangular lattice the strip e ordering of the OAM mo-
ments exist in both weak and strong coupling super
uid states. The orbital con�g-
urations are slightly di�eren t: the orbital mixing angle � de�ned in Eq. (18) equals
to �

6 in the weak coupling limit, while it is equal to �
4 in the strong coupling limit.

This arisesfrom the competition betweenthe kinetic energyand the onsite Hund's
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rule. Below we will seethat as U=tk goes from small to large, the strip e ordering
remainsthe samewith a smooth evolution of � from �

6 to �
4 asdepicted in Fig. 4(B).

We use a Gutzwiller type mean �eld theory for a 30 � 30 lattice under the
periodic boundary condition. We explicitly checked for three sets of parameters
(tk=U;�=U ) marked as points of 1; 2 and 3 in Fig. 6(B). The strip e-orderedground
state with a 2� 2 unit cell depicted in Fig. 4(A) is found to be stable against small
random perturbations in all the three cases.Then we further apply the Gutzwiller
type theory assuming a 2 � 2 unit cell and obtain the phase diagram depicted
in Fig. 6(A) which includes both the strip e ordered super
uid phase and Mott-
insulating phases.

In order to gain a better understanding of the numerical results, we write the
trial condensatewith the p-orbital con�guration on each site as

ei� r (cos� jpx i + i� r sin � jpy i ) : (28)

We have checked that the optimal pattern for the U(1) phase� r doesnot depend
on the orbital mixing angle of � , and it also remains the samefor all the coupling
strengths. The phase mismatch � � de�ned in Eq. (27) on the tilted bonds for a
generalorbital mixing angle � can be calculated through simple algebra as

� � = 2
 � � =2; with tan 
 =
p

3tan � ; (29)

and the corresponding Josephsoncurrent is j = nt sin � � . The value of � is de-
termined by the minimization of the energy per particle of the trial condensate
as

E(� ) = � t
�
1 + 2sin

�
2� +

�
6

��
�

nU
6

sin2 2� +
nU
3

; (30)

wherethe �rst term is the contribution from the kinetic energywhich requiresphase
coherence,and the secondterm is the interaction contribution re
ecting the Hund's
rule physics.In the strong and weakcoupling limits, the energyminimum is located
at � = �

4 and �
6 , respectively. The corresponding 
uxes in each rhombic plaquette

� = 4� � =(2� ) = 0 and � 1
3 respectively, which agreewith the previous analyses.In

the intermediate coupling regime, we present both results of � at n = 3 basedon
the Gutzwiller mean�eld theory and thoseof Eq. (30) in Fig. 6(B). They agreewith
each other very well, and con�rm the validit y of the trial condensatewavefunction.
Moreover, in the momentum space, the trial condensatefor a general � can be

expressedas 1p
N 0 !

n
1p
2
( 0y

K 2
+ i 0y

K 3
)
oN 0

j0i ; where  0
K 2; 3

(r ) = ei K 2; 3 � r j� 2;3(� )i with

j� 2;3(� )i = � cos� jpx i � sin � jpy i respectively.

2.6. Orbital angular momentum or dering in the Mott-insulating
states

So far, we have only discussedthe orbital ordering in the super
uid states. Since
the OAM moment is a di�eren t degreeof freedom from the super
uid phase,we
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expect that its ordering can survive even inside the Mott-insulating phases.In this
subsection, we continue to study the exchange physics of orbital bosonsand the
related ordering of OAM moments in the absenceof the super
uidit y order. For
simplicit y, we will use the triangular lattice as an example.

We considerthe Mott-insulating phaseswith n spinlessbosonsper site and two
degenerateorbitals of px and py . We de�ne the TR doublets of all the particles in
the statesof px � ipy asthe eigenstatesof the Ising operator � z with the eigenvalues
of � 1. The Ising part of the e�ectiv e exchangeHamilton occurs at the level of the
secondorder perturbation theory, while the Ising variable 
ipping processoccurs
at the 2n-th order perturbation theory. We consider the large n casein which the
systemis deeply inside the Ising anisotropy class,and no orbital-
ip processoccurs
at the leading order. In the following, we will study the physics of the two, three,
and four-site exchangeprocesses.

2.6.1. The two-site exchange

Let us consider the virtual hopping processesin the Mott-insulating states along
the bond depicted in Fig. 5(A). Both the � -bonding tk and � -bonding t? are kept.
With the de�nition of py

� = 1p
2
(py

x � ipy
y ); we can expressthe hopping as

H t = �
1
2

X

� � 0

f tkpy
� (j )p� 0(i )e� i ( � � j � � 0� i ) + t? py

� (j )p� 0(i )e� i ( � � � 0)( � i + �
2 ) + h:c:g

=
tk � t?

2

X

�

f py
j;� pi� + h:c:g +

tk + t?

2

X

�

f py
j;� pi; � � e� 2i� � i + h:c:g ; (31)

where the de�nition of angles� i ; � j follows the convention depicted in Fig. 5(A).
We calculate the energyshifts in both the ferro-orbital con�gurations (� i = � j )

and the antiferro-orbital con�gurations (� i = �� j ) within the secondorder pertur-
bation theory. The energy di�erence betweenthesetwo con�gurations is

� EF O = �
2n(n + 1)[(tk � t? )=2]2

� E1
�

2n[(tk + t? )=2]2

� E2
;

� EAF O = �
2n(n + 1)[(tk + t? )=2]2

� E1
�

2n[(tk � t? )=2]2

� E2
;

(32)

where � E1 = 2
3 U and � E2 = 2

3 U(n + 1). The antiferro-orbital con�guration has
lower energy, which arises from the fact that the orbital-
ip processhas a larger
amplitude than that of the orbital non-
ip processdescribed in Eq. (31). This is
becausethe � -bonding and � -bonding amplitudes have a � -phaseshift. The Ising
coupling JAF O reads

H = JAF O

X

ij

� z (i )� z (j ) (33)
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where JAF O � 2n 2 t ? t k

3U with only the leading order contribution kept. If t? is set
to zero, JAF O varnishes.This is clear from the fact that we can 
ip the sign of the
p-orbit component perpendicular to the bond direction. This operation changesthe
value of � z , but has no e�ect on the energy. In this case,we needto further study
the multi-site virtual hopping processes.

2.6.2. The three-site ring exchange

The � -bonding term by itself gives nonzero ring exchange terms for the multi-
site processes,thus we neglect the contribution from the � -bonding part. In the
following, we only keepthe leading order virtual processproportional to (nt k )3=U2.

We considera triangular plaquette with three sites (i; j; k) each of which is de-
noted by the particle number and the Ising variables as (n; � z;i ); (n; � z;j ); (n; � z;k ),
respectively. There are 12 di�eren t ring-hopping processeswhosecontribution is at
the order of (nt k )3=U2. We enumerate 4 of them explicitly as

(n; � z;i )(n; � z;j )(n; � z;k ) ! (n � 1; � z;i )(n + 1; � z;j )(n; � z;k )

! (n � 1; � z;i )(n; � z;j )(n + 1; � z;k ) ! (n; � z;i )(n; � z;j )(n; � z;k )

(n; � z;i )(n; � z;j )(n; � z;k ) ! (n + 1; � z;i )(n � 1; � z;j )(n; � z;k )

! (n; � z;i )(n � 1; � z;j )(n + 1; � z;k ) ! (n; � z;i )(n; � z;j )(n; � z;k )

(n; � z;i )(n; � z;j )(n; � z;k ) ! (n � 1; � z;i )(n + 1; � z;j )(n; � z;k )

! (n; � z;i )(n + 1; � z;j )(n � 1; � z;k ) ! (n; � z;i )(n; � z;j )(n; � z;k )

(n; � z;i )(n; � z;j )(n; � z;k ) ! (n + 1; � z;i )(n � 1; � z;j )(n; � z;k )

! (n � 1; � z;i )(n; � z;j )(n + 1; � z;k ) ! (n; � z;i )(n; � z;j )(n; � z;k ) : (34)

The other 8 processescan be obtained by a cyclic permutation i ! j ! k. After
sum over all theseprocesses,the corresponding energyshift reads

� E(� i ; � j ; � k ) � 6
�

� tk

2

� 3�
n(n + 1))3=2 e� i 2� � 3 + h:c:

(� E )2 = � J3 cos(2� � 3

�
; (35)

where J3 = 3(nt )3

2(� E )2 and � E = 2U
3 ; � 3 is de�ned as before in the super
uid case.

Again for each plaquette, � 3 takesthe value of � 1
6 which correspond to � z s taking

valuesof two 1sand one� 1 or two � 1sand one1. Equation (35) plays a similar role
to vortex core energy in Eq. (22). Equation (35) by itself has a huge ground state
degeneracybecausethe requirement is the sameas that of the antiferromagnetic
Ising model. We needto add the four-site processto lift the degeneracy.

2.7. The four-site ring exchange

The four-site processmimics the interaction betweentwo adjacent vortices. In the
spirit of perturbation theory, the four-particle processis further suppressedby a



Final Reading
January 16, 2009 17:15 WSPC/147-MPLB 01777

18 C.-J. Wu

factor nt k

U , thus the interaction between vortices should be of short range. This
makes sensein the Mott insulating state due to the condensationof vortices and
the resulting screeninge�ect.

Again we only consider the e�ect from the � -bonding term, and only keep the
leading order contribution at the level of (nt )4=U3. Similarly, we have 48 di�eren t
virtual hopping processes.For a plaquette with vertices (ij kl ), the energy shift is

� E (� i ; � j ; � k ; � l ) � � J4 cos(2� � 4); (36)

where J4 = 5(nt )4

3(� E )3 . In the square lattice, � 4 = (� 1 + � 2 + � 3 + � 4)=4. If t? = 0,
Eq. (36) is the leading order contribution, thus the e�ectiv e Hamiltonian looks the
sameasthat in the super
uid casebut with a reducedcoupling constant. If t? 6= 0,
then the two-site exchange of Eq. (33) results in the long range antiferro-orbital
order.

In the triangular lattice, the � 4 of the four-site plaquette (ij kl ) just equalsthe
sum of the 
ux of the two triangular plaquettes. Since each triangular plaquette
takes the 
ux value of � 1

6 , the rhombic four-site plaquette can only take the 
ux
value of 0, � 1

3 . The strip e ordering pattern gives the maximum number of the
zero-
ux four-site plaquettes, and thus is selectedas the ground state. The strip e
ordering appearsat temperatures T < J4 and disappearsat J3 > T > J4 in which
the three-site exchangeprocessdominates the physics.

3. Exotic Condensation of Bosons with Spin-Orbit Coupling

In this section, we discussanother route for \complex-condensation" of bosons,i.e.
spinful bosonswith spin-orbit (SO) coupling. The proof of Feynman's \no-no de"
theorem relies crucially on the fact that the kinetic energyof bosonsonly contains
even powersof momentum, thus SO coupling which linearly dependson momentum
invalidates Feynman's proof. In the following, we consider the simplest exampleof
the two-component bosonswith the Rashba-like SO coupling and investigate their
condensatein the inhomogeneousharmonic traps. A related work on the BEC of
two-component bosonshas also beenstudied by Stanescuet al. in Ref. 11.

We considerbosonswith two-components denoted as pseudospinup and pseu-
dospin down. The many-body Hamiltonian for interacting bosonsis written as

H =
Z

d2r  y
�

�
�

~2r 2

2M
� � + Vext (r )

�
 �

+ ~� R  y
� (� i r y � x + i r x � y ) � +

g
2

 y
�  y

�  �  � ; (37)

where  � is the boson operator; � refers to boson pseudospin" and #; Vext is the
external potential; g describes the s-wave scattering interaction which is assumed
to be spin-independent for simplicit y; � R is the Rashba SO coupling strength. Al-
though Eq. (37) is of bosons,it satis�es a suitably de�ned TR symmetry-likefermion
systems| as T = i� 2C with T 2 = � 1 where C is the complex conjugate and � 2
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Fig. 7. (A) The radial density distribution of spin up and spin down components, and the total
density distribution in the unit of N 0 at � = 4 and � = 40. (B) The spin density distribution along
the x-axis which spirals in the z-x plane at an approximate wavevector of 2k0 , whose value at the
origin is normalized to 1. The spin density in the whole plane exhibits the skyrmion con�guration.
From Wu et al., seeRef. 5.

operateson the pseudospindoublet. In the homogeneoussystem,the singleparticle
states are the helicity eigenstatesof � � (k � ẑ) with the dispersion relations of
� � (k) = ~2

2M (k � k0)2 wherek0 = M � R
~ . The energyminima are located at the lower

branch along a ring with radius k0. The corresponding two-component wavefunc-
tion  + (k) with jkj = k0 can be solved as  T

+ (k) = 1p
2
(e� i� k =2; iei� k =2), where � k

is the azimuth angle of k.
Instead of discussing the condensation in the homogeneoussystem in which

frustrations occur due to the degeneracyof the single particle ground states, we
considera 2D system with an external harmonic trap with Vex(r ) = 1

2 M ! 2
T r 2. We

de�ne the characteristic SO energy scale for the harmonic trap as Eso = ~� R =l
where l =

p
~=(M ! T ) is the length scaleof the trap, and correspondingly a dimen-

sionlessparameter as � = Eso=(~! T ) = lk0. The characteristic interaction energy
scaleis de�ned as E in t = gN0=(� l2) where N0 is the total particle number and the
dimensionlessparameter � = E in t =(~! T ).
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The Gross{Pitaevskii equation can be obtained as the saddlepoint equation of
Eq. (37) as

�
�

~2r 2

2M
+ ~� R (� i r y � x;�� + i r x � y ;�� ) + g( �


  
 ) +
1
2

M ! 2
T r 2

�
 � (r; � )

= E  � (r; � ) : (38)

Due to the 2D rotational symmetry, the ground state condensatewavefunctionscan
be denoted by the total angular momentum j z = L z + 1

2 � z = � 1
2 , which can be

represented in polar coordinates as

j 1
2
i =

 
f (r )

g(r )ei�

!

; j � 1
2
i =

 
� g(r )ei�

f (r )

!

; (39)

where r and � are the radius and the azimuthal angle, respectively. Both f (r ) and
g(r ) are real functions. Eq. (38) is numerically solved in the harmonic trap with
parametersof � = 4 and � = 40.Wechoosethe condensateasoneof the TR doublet
j 1

2
i , and present its radial density pro�les of both spin components jf (r )j2 and

jg(r )j2 at � = 4 in Fig. 7(A). Furthermore, in this strong SO coupling casewith
� � 1, the condensatewavefunction has nearly equal weight in the spin up and
spin down components, i.e.

R
drd� r jf (r )j2 �

R
drd� r jg(r )j2 , thus the averagespin

moment along the z-axis equalsto zero. The total angular momentum per particle
j z = ~

2 is mainly from the orbital angular momentum polarization, i.e. one spin
component stays in the s-state and the other one in the px + ipy -state. This is an
exampleof half-quantum vortex con�guration, 37{ 39 thus spontanously breaking TR
symmetry. Clearly this is a \complex-valued" ground state wavefunction beyond the
\no-no de" theorem.

This condensatewavefunction exhibits interesting spin density distributions in
real spaceas skyrmion-like spin textures. The radial wavefunction in pseudospin
up and pseudospindown components f (r ) and g(r ) exhibit oscillations with an
approximate wavevector of k0, which originates from the ring structure of the low
energystates in momentum space,and are thus analogousto Friedel oscillations in
fermion systems.The pseudospinup component is s-wave like, thus f (r ) reaches
the maximum at r = 0; while the down component is of the p-wave, thus g(r ) = 0
at r = 0. In other words, there is approximately a relative phaseshift of �

2 between
the oscillations of f (r ) and g(r ). In Fig. 7(A), jf (r )j2 and jg(r )j2 are plotted. The
spin density distribution S(r; � ) =  �

1
2 ;� (r; � )� ��  1

2 ;� (r; � ) can be expandedas

Sz (r; � ) =
1
2

(jf (r )j2 � jg(r )j2) ; Sx (r; � ) = f (r )g(r ) cos� ;

Sy (r; � ) = f (r )g(r ) sin � :

(40)

Along the x-axis, the spin density lies in the z-x plane as depicted in Fig. 7(B).
Becausethe circulating supercurrent is along the tangential direction, the spin den-
sity distribution is along the radial direction and exhibits an interesting topological
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texture con�guration which spirals in the z-x plane at the pitch value of the density
oscillations. The distribution in the whole spacecan be obtained through a rotation
around the z-axis. This spin texture con�guration is of the skyrmion-like.

Next we discuss the possible realization of the above exotic BEC in exciton
systems. Excitons are composite objects between conduction electrons and va-
lence holes.40{ 46 In particular, the recently progresson the indirect exciton sys-
tems greatly enhancesthe lift-time, 47{ 50 which provides a wonderful opportunit y
to investigate the exotic state of matter of the exciton condensation.44 The ordi-
nary bosonsare too heavy to exhibit the relativistic SO coupling in their center-
of-motion. Due to the small e�ectiv e massof excitons, SO coupling can result in
important consequences,including anisotropic electron-holepairing,51,52 spin Hall
e�ect of the center-of-massmotion of excitons,53,54 and the Berry phasee�ect on
exciton condensation.55

We will show that the Rashba SO coupling in the electron band alsosurvivesin
the center-of-massmotion of excitions. We begin with the Hamiltonian of indirect
excitons

He = �
~2

2m�
e

(@2
e;x + @2

e;y ) + i~� R;el (@e;x � y � @e;y � x );

Hhh = �
~2

2m�
hh

(@2
h;x + @2

h;y );

He-hh = �
e2

"
p

jr e � r hh j2 + d2
;

(41)

where m�
e is the e�ectiv e mass of conduction electrons; � R;el is the Rashba SO

coupling strength of the conduction electron, " is the dielectric constant and d is
the thicknessof the barrier.

For small exciton concentrations, we only needto consider the heavy hole (hh)
band with the e�ectiv e massmhh and j z = � 3

2 ~, which is separatedfrom the light
hole band with a gapof the order of 10meV. We considerthe center-of-massmotion
in the BEC limit of excitons, which can be separatedfrom the relative motion in
He and Hhh . Similarly to Ref. 56, the e�ectiv e Hamiltonian of the 4-component hh
excitons denotedas(se; j hh ) = (� 1

2 ; 3
2 ); (� 1

2 ; � 3
2 ) can be represented by the matrix

form as

Hex =

0

B
B
B
B
@

Eex(k ) H so(k ) 0 0

H �
so(k ) Eex(k ) + �( k ) W (k ) 0

0 W � (k ) Eex(k ) + �( k ) H so(k )

0 0 H �
so(k ) Eex(k )

1

C
C
C
C
A

;

where k is the center-of-mass momentum; M = m �
e + m�

hh is the total mass of
the exciton; Eex(k) = ~2k2=(2M ); H so(k) = � m �

e
M � R;el (ky + ik x ); �( k) is the

exchangeintegral and W (k) has the d-wave structure as (kx + ik y )2, both of which
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are exponentially suppressedby the tunneling barrier for indirect excitons, and will
be neglectedbelow. Consequentially , H ex becomesblock-diagonalized.We consider
using circularly polarized light to pump the exciton of (� 1

2 ; 3
2 ), and then focus on

the left-up 2� 2 block of the H ex matrix with heavy hole spin j z = 3
2 . If we usethe

electron spin number " and # as the exciton component, we will arrive the Eq. (37)
with the renormalized SO coupling strength � R = � R;el m�

e=M .
We next justify the above choice of the values of parameters basedon exper-

imental situations. The e�ectiv e massesof electrons and holes in GaAs/AlGaAs
quantum wells are m �

e � 0:07me and m�
h � 0:18me in Refs.57 and 44. The Rashba

SO coupling strength ~� R can reach 1:8 � 10� 12 eV� m in Ref. 58. Thus we can
estimate a reasonablevalue of k0 = m �

e � R

~ � 1:6 � 104 cm� 1. For a harmonic trap
with l = 2:5 � m, � = k0l � 4 and ~! T = ~2=(M l2) = 0:5 mK. In two-dimensional
harmonic traps, the critical condensationtemperature Tc � ~! T

p
N0.59 If we take

the exciton density � = 5 � 1010 cm� 2 and the e�ectiv e area � l2, we arrive at
Tc � 50 mK, which is an experimentally available temperature scale.60 The av-
erage interaction energy per exciton in the typical density regime of 1010 cm� 1

is estimated around 2 meV in Ref. 61, thus we take the interaction parameter
� = 40 in the calculation above. The spatial periodicit y of the spin texture is about
� =k0 � 2 � m and, thus, is detectable by using optical methods.

4. Conclusion

We have reviewed the exotic condensationsof bosonswhosemany-body wavefunc-
tions are complex-valued in the coordinate representation, thus they go beyond the
well-known paradigm of the no-node theorem. We studied two possibleways to by-
pass this theorem to achieve unconventional condensations,i.e. metastable states
of bosonsin the high orbital bands in optical lattices, and spinful bosonswith SO
coupling.

The �rst mechanism of orbital bosonsis essentially an interaction e�ect which
is characterized by the Hund's rule. With the orbital degeneracy, bosonsfavor to
enlarge their spatial extension to reducethe inter-particle repulsion, which results
in the maximization of their onsite OAM. We reviewed the ordering of the OAM
moments in both the squareand triangular lattices due to the inter-site coupling
in both the weak and strong coupling limits. The low energy excitations include
both the gaplessphonon mode and the gapped orbital-
ip mode. The survival
of the OAM ordering in the soft Mott-insulating regime is also discussed.The
secondmechanism employing SO coupling, which linearly dependson momentum,
is a kinetic energy e�ect. In this case,taking the absolute value of a non-positive
de�nite wavefunction will change its energy and thus invalidate Feynman's proof.
We have shown that the condensatewavefunction in a harmonic trap becomesa
half-quantum vortex and develops skyrmion-like spin textures. In both cases,TR
symmetry is spontaneouslybroken which are not possiblein the conventional BEC.
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There are a number of interesting open issuesfor future study. For example,
the ordering of OAM moments in various di�eren t lattices and in three dimensions
generatesa variety of challenging problems of the lattice gauge theory.62 More
importantly , in order to facilitate the communication between the theory work
with cold atom experiments, detailed calculation and optimization of the lifetime
of orbital bosonsin di�eren t lattices are highly desired.Furthermore, the dynamics
of bosonsin high orbital bands is another challenging topic. Taking into account
the tremendousprogressof cold atom physics, it would be great if this research can
stimulate generalinterest on the unconventional condensatesbeyond the \no-no de"
theorem.
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